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Overstability in a horizontal layer of a viscoelastic fluid is considered in the 
presence of a uniform magnetic field. The equations of motion appropriate to 
hydromagnetics in a Maxwellian fluid have been established and the analysis 
has been carried out in terms of normal modes. The proper solutions have 
been obtained for the case of two free boundaries. The dispersion relation ob- 
tained is found to be quite complex and involves the Prandtl number pi, 
magnetic Prandtl number p, , a parameter Q characterizing the strength of the 
magnetic field, and a parameter r which characterizes the elasticity of the 
fluid. Numerical calculations have been performed for different values of the 
parameters involved and the values of critical Rayleigh numbers, wave numbers, 
and frequencies for the onset of instability as overstability have been obtained. 
It is found that the magnetic field has a stabilizing influence on the overstable 
mode of convection in a viscoelastic fluid. Elasticity is found to have a desta- 
bilizing influence as in the absence of a magnetic field. Thus the effect of a 
magnetic field is the same as that for an ordinary viscous fluid. 
When a horizontal layer of a viscous fluid is heated from below, the system 
remains stable to small disturbances for values of the Rayleigh number R 
(defined later) smaller than a critical value R, . However, when A > R, the 
system becomes unstable and convection sets in the form of a regular cellular 
pattern. The critical value R, depends, of course, on the nature of the bound- 
ing surfaces. Experimentally this problem of thermal instability in a horizontal 
layer of a viscous fluid was first studied by BCnard 111. Theoretically it was 
first investigated by Rayleigh [2]. Later on Jeffreys [3] and Pellew and 
Southwell [4] also studied this problem theoretically. Subsequently several 
authors have studied this problem and included the effects, separately and 
simultaneously, of a uniform magnetic field and a uniform rotation on the 
onset of thermal instability in a fluid layer. Chandrasekhar [5] has given a 
comprehensive account of all these theoretical and experimental investiga- 
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tions. The effect of mass diffusion on the thermal instability in a fluid layer 
has been studied by Stern [6] and Sani [7]. In all these investigations it has 
been found that in certain ranges of the governing parameters the fluid layer 
becomes overstable that is instability sets in via oscillations of increasing 
amplitude. In the greater part of the range, overstability takes place earlier 
than stationary convection. In the presence of constraining effects of rotation 
or a magnetic field, overstability is possible because these effects give an 
elastic-like behavior to the fluid enabling it thereby to sustain appropriate 
modes of wave propagation. Therefore, one can expect that if we study the 
problem of stability in a viscoelastic fluid layer, it can become overstable due 
to heating from below alone. Vest and Arpaci [8] have recently investigated 
the problem of overstability in a horizontal layer of a viscoelastic fluid heated 
from below. They found that elasticity has a destabilizing influence both in 
the sense that oscillatory convection can occur earlier than stationary convec- 
tion, and that R, for overstability decreases with the increase in elasticity. 
Earlier Green [9] carried out another study of overstability in a viscoelastic 
fluid layer heated from below. For the case of two free boundaries, he studied 
the problem for a two time constant model due to Oldroyd [lo]. In both 
these investigations the effect of a uniform rotation or a uniform magnetic 
field have not been included. 
Since both rotation and a magnetic field lend an elastic-like behavior to the 
fluid it would, therefore, be of interest to include these effects on the stability 
of a viscoelastic fluid layer heated from below. The effect of a uniform rotation 
has recently been included by the present authors [ 1 l] who found that rotation 
has a destabilizing influence, as the critical Rayleigh number R, decreases 
with the increase in Coriolis parameter. In this paper, we have investigated 
the conditions under which thermally induced overstability occurs in a 
Maxwellian fluid when a uniform magnetic field, in a direction parallel to 
that of gravity, is present. 
Formulation of the Problem 
Consider a horizontal layer of a viscoelastic fluid which is being heated 
from below. Suppose that a uniform magnetic field H is prevalent and that 
the medium is of finite electrical conductivity. The viscoelastic fluid is 
assumed to be described by the Maxwell constitutive relation 
av. &.I. 
P”+tc+=P(*+*), 
3 z 
where t,, is the Maxwell relaxation time, v,(u, v, w) is velocity vector, d/dt is 
mobile operator, t is time, p is coefficient of vicosity and pij is the viscous 
stress tensor. 
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The total stress tensor Pij is related to p,, through 
Pij = -Paij + Pij p 
where p is the (scalar) pressure and a,,- is Kronecker tensor. Summation 
convention is used here. The relation (1) is rather idealized but is deemed 
sufficient to reveal the basic effects of viscoelasticity on the problem of thermal 
instability, especially as the extremely small shear rates are involved and the 
linearization process is used in the analysis. 
The other equations governing the motion of the thermo-magneto-elastic 
fluid are the following: 
Equations of motion 
dvi 8P.. 
P dt = PFi f  axj ---?- + E [(curl W) x RI,, 
Equation of continuity 
$ + & (PVd = 0, 
2 
Equation of energy 
kV$T+@--p$, 
3 
Maxwell’s electromagnetic equations 
and 
In these equations p is density, Fi is external force, pLg is magnetic perme- 
ability, C, is specific heat at constant volume, T is temperature, k is the 
coefficient of heat conduction, 0 is viscous dissipation, V2 is the three- 
dimensional Laplacian operator, and r) is resistivity. The last term on the right 
of Eq. (2), the Lorentz force, incorporates the effect of the magnetic field on 
the motion while the inverse effect of motion on the magnetic field is through 
W (5). 
This coupled set of equations of hydrodynamics (suitably modified) and 
Maxwell’s equations are supplemented by the equation of state 
P = PoCl - 4T - Tllll, (7) 
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where (Y. is the coefficient of volume expansion (assumed constant) through 
which are related density and temperature. In (7) T,, is the temperature when 
p = p,, (say, at the lower boundary). 
Perturbation Equations 
In the initial state, vi = 0, pij = 0. Also the static form of Eq. (4) is 
V2T = 0. This leads to, after integration, 
T = TO - ,Bz, 63) 
where p is the adverse temperature gradient. In the following analysis we use 
the Boussinesq approximation, in which p is treated as a constant in all the 
terms in the equations of motion except in the buoyancy force (here 
Fi(O, 0, -g), h g g w ere is ravity and acts vertically downwards). Then Eq. (3) 
reduces to 
Let the perturbations in velocity, density, pressure, temperature and 
magnetic field be denoted by vi , Sp, Sp, 8 and h,(h, , h, , h,), respectively. 
After substituting these quantities in the Eqs. (2)-(7) and linearizing and 
using (8) and (9) we obtain the perturbation equations 
ah -= H,~+~V’h,, 
at 3 
ah?4 0 -= , 
3% 
where 
h = (0, 0, 1) is a unit vector in the direction of vertical, and 
is the coefficient of thermometric conductivity (assumed constant). 
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Taking the curl of Eq. (10) an using the linearized form of constitutive d 
relation (1) in it, we get the z-component of the resulting equation as 
(1 + t, +, [g - f$ -g] = vvy, (15) 
where 5 denotes the x-component of the vorticity vector w defined by 
w = curl v and 5 is the x-component of the vector M, where M is defined 
by M = curl h, and v = p/p. 
Taking the curl of Eq. (I 0) a g ain, we obtain the x-component of resulting 
equation as 
(1 + t, &) [$ v2w - gal ($ + $$) - P$ & vzh,] = VPW, 
3 
(16) 
where again the linearized form of (1) has been used. 
Let us suppose that the direction of magnetic field is antiparallel to that of 
field of gravity, i.e., H is in the z-direction. Then Eq. (12) can be written as 
ah 
--‘=H$+$‘ah,. 
at 
Taking the curl of (12), for H//g, is 
Finally, we have the equation governing B as 
(19) 
Equations (15)-(19) are the basic equations which govern the motion of a 
Maxwellian fluid in the domain of hydromagnetics. 
Normal Modes 
Let us suppose that the perturbations in various physical quantities have 
the spatial and the time dependence of the forms: 
l% 6 h,, Lt3 = W(z), @k), K(a), .W>, X@)l x exp[Vv + &,y) + nt], 
(20) 
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where K = (kz2 + Ky2)1/2 is the wave number and n is the frequency of the 
perturbations. Using (20) and making the substitutions 
a = kd, nd2 u=-, 
v PI-C, P,=$, (21) 
we obtain the nondimensional forms of Eqs. (15)-(19) as 
[D” - a2 - ~(1 + rcr)] Z = - (1 + ru) (s) DX, (22) 
(1 + I%) [u(D2 - a”) W + (c) aa@ - (e) D(D2 - a2) K] 
= (D2 - a2)2 W, (23) 
(D2 - a2 - ups) K = - (F) DW, (24) 
(02 - a2 - up2) X = - (T) DZ, 
(02 - a2 - upJ 0 = - (5) W, 
where D = dldz, with x being measured in units of length d. In these equa- 
tions p, is the Prandtl number, p, is magnetic Prandtl number, and r is the 
elastic parameter. 
From Eqs. (22) and (25), we find that 
[{D2 - a2 - ~(1 + ru)) (D2 - a2 - uP2) - (1 + Tu) QD”] (Z, X) = 0, 
(27) 
where 
pCH2d2 
Q=- 
bfyll 
(28) 
is a dimensionless number. 
From Eq. (27), it is clear that for the present problem 
x = 0, z=o (29) 
that is the z-components of vorticity and current density vanish identically 
for this problem of convection in a non-Newtonian fluid. This is similar 
to convection in a Newtonian fluid [5]. We are thus left with the three Eqs. 
(23), (24) and (26) which describe the motion of the considered fluid. Clearly 
as r approaches 0 we recover the equations governing the problem of con- 
vection in an ordinary viscous fluid in the presence of a magnetic field. 
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The above equations must be solved subject to the appropriate boundary 
conditions. These conditions depend on whether the bounding surfaces are 
free or rigid, perfectly conducting or nonconducting. On different boundaries 
the conditions that must be satisfied by W, 0 and K are [5] 
w= 0, o=o 
(on both a rigid and a free boundary) either on a rigid boundary, where 
DW=O, 
or on a free boundary where 
D2W = 0, (30) 
and either on a perfectly conducting boundary, where 
DX=O, K = 0, 
or on a boundary adjoining a nonconducting medium where 
x = 0. 
In this paper, we restrict ourselves to the case when both the bounding 
surfaces are free and the medium adjoining the fluid is nonconducting. 
Although the free boundaries are somewhat unrealistic to obtain experimen- 
tally, they are of importance since they allow an exact solution of the problem. 
We, therefore, proceed to study the case of two free boundaries in the present 
paper. We hope to study this problem for the case of two rigid boundaries, by 
variational methods, in the near future where we expect to show as aposteriori 
that the critical Rayleigh numbers for the onset of overstability for the two 
cases differ by only a small amount. 
Solutions for Free Boundaries 
Let us suppose that the two boundaries are placed at a distance of d units 
from each other. The boundaries may, therefore, be placed at x = 0 and 
z = 1, as we are measuring z in terms of d. 
Applying the operator 
(D2 - u2 - up2) (D2 - a2 - apI) (31) 
to Eq. (23), we can eliminate 8 and K to obtain 
(D2 - a2) (D2 - a2 - upl) 
x [(D2 - a2 - ups) {D2 - a2 - u( 1 + Fa)} - (1 + ru) QDZ] W 
= --Ra2(1 + I%) (II2 - a2 - 0p2) W, (32) 
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where R is the Rayleigh number defined by 
The boundary conditions appropriate to two free boundaries, when sub- 
stituted in equation (32), require that D4W = 0, D6 W = 0 and DEW .= 0, 
for z = 0, z = 1. By differentiating Eq. (32) an even number of times, we 
can conclude that all the even order derivatives of W must vanish for both 
z = 0, and z = 1. These considerations suggest that the proper solutions for 
W belonging to the lowest mode must be 
where A is a constant. 
W = A sin ~.a, (34) 
Substituting this solution for W in Eq. (32) we get the characteristic 
equation 
(n2 + a”) (n2 + a2 + UPl) 
[(n2 + a2 + up*) (n” + a* + o( 1 + To)> + (1 + To) Qr’l 
= Ra2(1 + To) (x2 + a* + up*). 
This can be written as a polynomial in u of the form 
u4 + A,u3 + A2u2 + A,u + A, = 0, 
where 
A 
1 
=b2rtPl +~2> + ~PIP~ 
bP,PJ ' 
A 
2 
= b3r + b2(pl + P, + PIP,) + ~PIQ~ - Ra2pJ 
bPlP2r 
, 
(35) 
(36) 
(37) 
(38) 
A 
3 
= b"(l + PI + P2) + b*.rr*Qr + b(n2p,Q - Ra*r) - Ru2p2 , 
bp,PJ' 
c39) 
A 
4 
= b4 + b2r2Q - bRa* 
bPlP2T ' 
b = m2 + a*. 
From the theory of algebraic equations (Orlando’s formula [12]), we know 
that a neutral oscillatory mode (u = iui) occurs if 
and 
A32 - A,(A,A, - A,A,) = 0 (41) 
2 (=q2) > 0. (42) 
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Numerical calculations were performed for the values of R satisfying the 
conditions (41) and (42), f or various assigned values of p, , p, , r, Q and a. 
The variation of the critical Rayleigh number R, (that is lowest value of R 
as a function of the wave number a) of the corresponding critical wave number 
a, and critical frequency oC is presented in Tables I-V. 
TABLE I 
Critical Rayleigh Numbers, Wave Numbers, and Frequencies for the Onset of 
Overstability for the Case p1 = 1, pz = 0.1 and r = 0.1” 
Q 
0 
10 
100 
500 
1000 
2000 
3 000 
4000 
5000 
6000 
7000 
so00 
9000 
10000 
50 000 
100000 
1000000 
- - 
7.0358 17.1587 
10.2508 26.1834 
12.1484 31.3956 
14.4222 37.5862 
15.9515 41.7270 
17.1366 44.9278 
18.1163 47.5683 
18.9591 49.8374 
19.7025 51.8370 
20.3705 53.6329 
20.9781 55.2649 
21.5370 56.7648 
32.1980 85.2961 
38.2888 101.5530 
68.0874 180.9466 
- 
2442.99 
7610.89 
13476.97 
24669.45 
35556.04 
46283.65 
56909.48 
67462.95 
77961.54 
88416.66 
98836.25 
109226.09 
516545.95 
1019421.21 
9971428.67 
u The dash (-) indicates that stationary convection is the preferred mode. 
It is obvious, on both physical and mathematical grounds, that for neutral 
stationary modes (u = 0 hence A, = 0) the solution is the same as that for an 
ordinary viscous fluid in the presence of a magnetic field. Hence the critical 
Rayleigh numbers for stationary convection, for different values of Q, are 
given by [5] 
R= v [(n2 + CYZ~)~ + +Q]. (43) 
Obviously in this case R is independent of p, , p, and r. For the sake of 
comparison we have also included the values of Rc and a, , for stationary 
convection, in Table VI. 
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TABLE II 
Critical Constants for the Onset of Overstability for the 
Casep, =L I, p, = 0.1, and r 2. 0.5 
Q a, 
0 3.4205 
10 5.2981 
100 9.0093 
500 13.4039 
1000 15.9279 
2000 18.9335 
3000 20.9498 
4000 22.5101 
5000 23.7999 
6000 24.9094 
7000 25.8870 
8000 26.7654 
9000 27.5642 
1oOwJ 28.3000 
50000 42.3118 
100000 50.3149 
1000000 89.4644 
fJd RC 
___~--.. ~~__. ..~_~_ 
5.9278 94.28 
7.9814 259.27 
12.5236 1363.25 
18.1605 5711.49 
21.4436 10947.25 
25.3745 21242.80 
28.0200 31439.34 
30.0704 41584.60 
31.7669 51697.07 
33.2276 61786.26 
34.5150 71857.80 
35.6726 81915.36 
36.7254 91961.50 
37.6958 101998.08 
56.2035 500804.46 
66.7900 997298.69 
118.6275 9902193.77 
TABLE III 
Critical Constants for the Onset of Overstability for the 
Casep, = l,pz = 0.1 and r = 1.0 
Q 
0 3.2899 4.3235 43.39 
10 5.9623 6.4487 191.75 
100 10.3660 10.4054 1224.62 
500 15.4647 15.1806 5437.39 
1000 18.3851 17.9489 10571.01 
2000 21.8595 21.2575 20721.88 
3000 24.1898 23.4827 30807.35 
4000 25.9929 25.2068 40858.94 
5000 27.4836 26.6335 50888.89 
6000 28.7649 27.8604 60903.46 
7000 29.8943 28.9424 70906.37 
8000 30.9084 29.9143 80900.06 
9000 31.8323 30.8001 90886.20 
10000 32.6819 31.6148 100866.03 
50000 48.8667 47.1588 498305.37 
1OOooO 58.1138 56.0513 993775.19 
1oooooo 103.3350 99.5737 9891107.36 
R, 
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TABLE IV 
Critical Constants for the Onset of Overstability for the 
Casep, = 10, p, = 0.1 and F = 0.5” 
Q a, 00 R, 
0 
10 
100 
500 
1000 
2000 
3000 
4000 
5000 
6000 
7000 
8000 
9000 
10000 
50 000 
100 000 
1000000 
- 
- 
13.2145 
15.4933 
17.0538 
18.2704 
19.2804 
20.1508 
20.9203 
21.6119 
22.2423 
22.8224 
33.9358 
40.3074 
71.5366 
- 
- 
- - 
8.9998 15003.55 
10.3619 26820.24 
11.3293 38185.24 
12.0928 49316.00 
12.7306 60296.93 
13.2823 71171.39 
13.7721 81965.13 
14.2129 92692.96 
14.6153 103372.55 
14.9858 114006.39 
22.1365 527202.59 
26.2560 1034480.70 
46.4940 10018991.07 
- 
- 
a The dash (-) indicates that stationary convection is the preferred mode. 
TABLE V 
Critical Constants for the Onset of Overstability for the 
Case = 1, p1 p, = 1 and P = 0.5 
Q a, UC R, 
- 
0 3.4205 5.9278 94.28 
10 4.9978 7.8547 246.09 
loo 8.4120 12.3800 1317.49 
500 12.5096 18.0200 5608.24 
1000 14.8661 21.3012 10801.09 
2000 17.6727 25.2268 21035.98 
3000 19.5558 27.8675 31186.00 
4000 21.0126 29.9131 41292.04 
5000 22.2172 31.6061 51369.98 
6000 23.2528 33.0624 61427.93 
7000 24.1661 34.3474 71470.75 
8000 24.9856 35.5007 81501.59 
9000 25.7327 36.5524 91522.62 
10000 26.4192 37.5191 101535.46 
50000 39.5046 55.9730 499769.96 
1ooooo 46.9778 66.5249 995835.68 
1000000 83.5386 118.1911 9897567.37 
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TABLE VI 
Critical Rayleigh Numbers and Wave Numbers for the Onset of 
STATIONARY CONVECTION (o = 0) 
0 2.2214 657.51 
10 2.5898 923.07 
100 3.7015 2653.71 
500 4.9983 8578.89 
1000 5.6842 15207.01 
2000 6.4531 27699.95 
3ooo 6.9444 39734.17 
4000 7.3129 51517.86 
5ooo 7.6107 63135.45 
6000 7.8619 74631.67 
7 000 8.0801 86033.74 
8000 8.2735 97359.79 
go00 8.4476 108622.61 
10000 8.6061 119831.69 
50 000 11.3924 551993.88 
100000 12.8341 1078404.51 
1000000 18.9823 10280738.95 
CONCLUSIONS 
From the Tables I-III it is clearly seen that as the elastic parameter r 
increases the critical Rayleigh number R, decreases. This means that the 
effect of elasticity is destabilizing in the presence of a magnetic field also, as it 
is in the absence of a magnetic field [8]. 
We also see from the Tables I-V that, for a particular value of r, the 
critical Rayleigh number R, increases as Q (the strength of magnetic field) 
increases. We obtain the same result for different values of p, and p, , for 
various values of I’ considered. We may, therefore, conclude that the magnetic 
field has a stabilizing influence on the overstable mode of convection in a 
viscoelastic fluid layer. This result is the same as that for an ordinary viscous 
fluid, where also the magnetic field has a stabilizing influence [5]. We thus 
find that, in the case of a viscoelastic fluid, rotation and magnetic field have 
different behaviours. 
This result is in contrast to that for an ordinary viscous fluid, where both 
rotation and magnetic field have a stabilizing influence on the overstable mode 
of convection. 
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